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Natural Convection of Micropolar Fluids in Concentric and
Vertically Eccentric Annuli

J. S. Chiou* and Y. C. Chenf
National Cheng Kung University, Tainan, Taiwan 70101, Republic of China

Natural convection heat transfer of micropolar fluids bounded by two horizontal isothermal cylinders is
numerically investigated for various Rayleigh number, radius ratio, and eccentricity. The governing equations,
in terms of vorticity, stream function, and temperature, are expressed in a body-fitted coordinate system. The
alternative direction implicit method and the successive overrelaxation technique are applied to solve the finite
difference form of governing equations. Results indicate the heat transfer rate of a micropolar fluid is smal-
ler than that of a Newtonian fluid, and the main controlling parameter is the dimensionless vortex viscosity.
The eccentricity of an annulus heat exchanger may be caused by an imperfect installation. However, the allow-
ance of having a positive eccentricity and enough radius ratio is indeed a benefit from heat transfer point of

views.

Nomenclature

= material parameter, L?/j

dimensional and dimensionless eccentricities

= dependent variable, defined in Eq. (27)

= dimensionless angular velocity

= gravity acceleration

= Jacobian, a(x, y)/6({, m)

microinertia per unit mass

= equivalent conductivity, Nu/Nu,

= the mean equivalent conductivity

= vortex viscosity

= characteristic length, r, — r,

= angular velocity

Nu;, Nu, = local Nusselt number for inner and outer

cylinders___

Nu = 3(Nu; + Nu,)

Nu, = mean Nusselt number of a concentric annulus
when Ra = 0

Nu, = mean Nusselt number of an eccentric annulus
when Ra = 0

P, QO = coordinate control functions

Pr = Prandtl number, v/

R = radius ratio

Ra = Rayleigh number, gB(7T, — T.)L%/va

= inner and outer radii

dimensional and dimensionless temperatures

= dimensional and dimensionless times

= dimensionless of u, v

= flow velocity in x and y directions

dimensionless of x, y

= Cartesian coordinates

= thermal diffusivity

transformation factor defined in Eq. (17)

thermal expansion coefficient

= material parameter, k,/u

= angle between the gravity force and the

connection of annular axes

spin gradient viscosity

material parameter, A/ju

kinematic and dynamic viscosities
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&1 = body-fitted coordinates

p = density

b, x = coordinate control function defined in
Eq. (18)

g, ¥ = dimensional and dimensionless stream
functions

w, ) = dimensional and dimensionless vorticities

Introduction

O eliminate the human (operator’s) error, a completely

passive safety system is one of the major conceptual de-
signs for a new-generation nuclear powerplant. The natural
convection heat transfer of liquid metals in a confined enclo-
sure is considered as an important problem to the passive
cooling system. Usually, the liquid metals are considered as
a Newtonian fluid, however, the ferro liquid or liquid with
polymer additives are non-Newtonian. The local effects aris-
ing from microstructure and intrinsic motion of the fluid ele-
ment will affect the flow motion and, in turn, alter the heat
transfer characteristics.

Many researchers have investigated the natural convection
of Newtonian fluid in a confined space. An excellent review
was given by Ostrach.! Regarding the annular geometry, Kuehn
and Goldstein?® performed the experimental and theoretical
study of natural convection in an annulus between horizontal
cylinders. To facilitate the numerical calculation in dealing
with the eccentric annulus, Prusa and Yao* used the radial
coordinate transformation, while Cho et al.® applied the bi-
polar coordinate system to treat both eccentric and concentric
annuli in a consistent way.

As far as micropolar fluid is concerned, the theory was, in
sequence, developed by Eringen,®~*® in which the local effect
resulting from microstructure and gyration motions of the
fluid elements were taken into consideration. The non-New-
tonian behavior of liquid crystals, ferro liquids, and polymeric
fluids were studied by many researchers, a detailed review
made by Ariman et al.” demonstrated that for linear, viscous,
and isotropic fluids, the non-Newtonian behavior of the above
mentioned liquids can be modeled as micropolar fluid theory.
The study investigating the effect of microstructure on the
free convection heat transfer in enclosures is very few. Jena
and Bhattacharyya'® analyzed the effect of microstructure on
the thermal convection in a rectangular box of fluid heated
from below, they revealed that the dimensionless parameters
of vortex viscosity and micropolar heat conduction are im-
portant to the onset of convection.
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Micropolar
fluids

Fig. 1 Physical model.

In this study, the natural convection of micropolar fluid in
concentric and vertically eccentric horizontal cylindrical an-
nuli is analyzed. A finite difference solution is obtained for
the governing equations in terms of stream function, vorticity,
and temperature in a body-fitted coordinate system. The ef-
fect of aspect ratio, Rayleigh number, and eccentricity on the
fluid flow and heat transfer characteristics are discussed.

Mathematical Formulation

Consider two horizontal cylinders of radii 7, and r; located
at O'and O, respectively, as shown in Fig. 1. The eccentricity
of the inner cylinder is measured by the distance e. If inner
cylinder is placed above the central position, e has a negative
value, otherwise e is positive. For a natural convective heat
transfer problem, the largest heat transfer variation due to
eccentricity occurs when the direction of e is aligned with the
gravitational direction. Therefore, this study focuses on the
problems that e is vertically shifted.

The space between the inner and outer cylinders is filled
by a kind of micropolar fluid. Initially, the annulus is at a
uniform temperature T, and a quiescent state is assumed. At
t > 0 the temperature of the inner cylinder is suddenly changed
to a higher temperature T,. To formulate the problem, we
assumed that the fluid is incompressible, the friction heating
is negligible, and the thermophysical properties of the fluid
are constant, except the density, which follows the Boussinesq
approximation. The governing equations for the two-dimen-
sional problem fluid can be written as

Continuity
C’)lel ale
= (= += 1
¢ (axz ayZ) @
Vorticity
8w+u6w+ dw (4 + k) 62w+82w
o T gw g
Pla " " ™ %% BRI \a2 T g2
N 9N oT
—k |+ =]+ pgB— 2
. (ax2 ay2> PeB 5. @

Angular momentum

aN oN oN
i\—+tu—+ov—| = -
o <6t u o T ay) k(w — 2N)

d°N  3°N
+ Al— + 3)
ax? y*?

Energy

aT aT 2 2
arT aT a(aT aT) @

tu—+uv—+ + —
ot ax dy ax*  ay?

where ¢ is stream function and N is the component of mi-
crorotation.
The initial conditions are

<0, Yg=w=N=0, T=T

Since the geometry is symmetric to the vertical axis, the
global flow circulation around the inner cylinder is assumed
absent, the boundary conditions are expressed as

t=z0,r=r: T=T, =0, o= -V, N=jio

r=r, T=T, =0, o= -V, N=iw
Introduce the following dimensionless variables:

X y 1 wl?
==z =Z, Y= I Q=
T ) a «
ul vl NL? T-T.
U== y == = - tc
a’ a’ G a’ © T, — T.

and 7 = (to/L?), where the characteristic length L = r, —
r;, the governing equations in terms of the dimensionless var-
iables are

A A )
ox* ay?
%%+U§)%+ V%=Pr(1+A)<%;%+ng%>
— PrA <%}—Qz + g;g) + PrRa ZT(;)’ (6)
i’(g N U%g + vi—g — PrAB(Q - 26G)
+ Pri (3;(2 + 212) ™
%%+Ug+vg—?,=(g—;g+%%> (®)

the initial and boundary conditions are

<0, ¥=0=G=0=0 ©)

when 7= 0

forr=r: ©=1 ¥ =0 Q=-VV¥ G-=10
(10)

forr=r;, =0 ¥ =0, Q= -V¥, G =1Q
(11)

In the above equations A, B, and A are the dimensionless
parameters defined as

[}
e
-

A=k gl A (12)
12

] JH

Numerical Procedure

To solve this problem, the governing equations as well as
initial and boundary conditions in x, y are first transformed
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in terms of £, 7. The advantage of the body-fitted coordinates
is that the complex physical domain is transformed into a
rectangular computational domain where a regular mesh can
be imposed (see Fig. 2). As discussed by Thomas and Mid-
dlecoff,'" the rectangular mesh can be generated by solving
a system of Poisson equations of the form

gxx + §yy = P(§7 TI) (13)

o + My + Q€ M) (14)

Since it is desirable to perform all numerical computations
in the transformed plane, the dependent and independent

variables in Eqs. (13) and (14) must be interchanged to the
forms of

aX, — 28X, + ¥X,, + J2(PX, + QX)) =0 (15
aY, — 2BY,, + yY,, + JX(PY, + QY ) =0 (16)

where &, 3, and ¥ are the transformation coefficients, and
J is the Jacobian of the transformation given by

a=X2+Y?
¥ = Xi+ Yi

B=XX,+ Yy,
J=XX, - XY,

a7

The functions P and Q in Eqs. (15) and (16) are coordinate
control functions that allow node points to be concentrated
in certain desired regions. Here, we set

P = (& (&2 + &) (18)
Q = x(& D(mZ + n)

Substituting Eq. (18) into Eqgs. (15) and (16), the functions
¢(€, m) and x(&, n) can be expressed as

(£ ) = — (X Xy + Y Y )X+ Y
xén) = —(X,X,, + Y, Y, (X3 + Y2)

T m

(m is const)
(£ is const)
(19)

The elliptic Eqs. (15) and (16) are discretized by the finite
difference method, and the resulting nonlinear algebraic
equations are solved numerically by the SOR technique. The
coefficients &, 8, ¥, and J are computed at each point and
are stored for the numerical solutions of the governing equa-
tions as discussed below.

In terms of the transformed coordinates, the governing Egs.
(5-8) become

) (e, — 28Y,, + ¥¥,.)

Q, + ()W,Q, — ¥,0,) = Pr(l + A)[(172)(a0

- 2B‘Q§ﬂ + ‘;’an) + P(f, n)Qg + Q(g’ n)Qn]

— PrA[(I)(@Gy — 2BGe, + 7G,,) + P(E, )G,

+ Q(& 7)G,] + (PrRall) (Y, 0, — Y,0,) 21)
G, + (U)(¥,G, — ¥,G,) = PrBAQ — 2G)

+ PrA[(l/JZ)(dGﬁ - 2BG§n + 5’va)

+ P& n)G, + Q¢ 0)G,] (22)
0, + (W)(¥,0, - ¥,0,) = (177)(a0,

- 260, + ¥0,,) + P(¢ )0, + Q& 00, (23)

Nmax

=> s .
y Nmin - I
Emin Emax ¢
X

physical plane transformed plane

R

Fig. 2 Coordinate transformation.
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Fig. 3 Calculated equivalent conductivities at different grid nodings
(Pr = 0.706, Ra = 5 x 10 R = 2.6).

As a result of transformation the annulus is transformed
into a rectangular domain (see Fig. 2), the corresponding
initial and boundary conditions become

<0, Q=¥ =G =0 =0 24)
7=0, =1 ¥=0, =1, G =10 25)
Q= (-1J)(a¥,, - ZB\P& + Y, — Q¥, — PV,
= e ¥ =0, =0, G =10
Tom ; (26)

Q = (-17%)(a¥,, — 2BY,, + V¥,,) — Qv, — PY,

In our program, 7,,;, in Eq. (25) is set to be zero, and both
Amn and Af are set to be unity for simplicity purpose. The
value of 7,,,, in Eq. (26) is thus equal to the maximum node
number minus one. For example, if the grid noding is 61 x
30, then n,,, is 29 (=30 — 1). Equations (20—23) are dis-
cretized by the finite difference method with the time deriv-
ative terms approximated by forward differences and the spa-
tial derivative terms approximated by central differences. The
tracation errors have the order of O(Ar) and O(Ah)?, where
At is the time step size and Ak is either Az or A¢. The finite
difference equation for stream function, Eq. (20), was solved
by the SOR method, while the finite difference forms of Eqs.
(21-23) were solved by the ADI method. To see the effect
of mesh size on the numerical results, computations for a
concentric annulus were carried out using three different mesh
sizes, the resulting equivalent conductivities are presented in
Fig. 3. The mean equivalent conductivities obtained from
three different mesh sizes are similar to each other, but the
local value of outer cylinder at 8 = 0 deg is sensitive to the
noding size, and the result seems to converge at 91 x 45. In
order to save the computation effort, the results presented in
this article are all obtained by using the grid size of 61 x 30,
and with a time increment of At = 10-4 for Ra < 2 X 104,
and Af = 1073 for 2 X 10* < Ra < 5 X 10°. The converge
criterion of

max|fy, — 27" _ 10-4 27)
max|f7, N

ij
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was used, where f represents ©, ), G, or ¥, and m is the
number of iterations. :

After the convergence criteria were satisfied in each step,
computations were also carried out for the local and mean
Nusselt numbers at the inner and outer radii, which are de-
fined as follows:

Nu, = — 4 R ( @) _ 4R <7®n —_B®§>
r=r 7= Mmin

Il

r
ar

2 2\
(28a)
Nu = R (ﬂ@) _ 4R (M;)
2 \ar) " TN
(28b)
. 1 27
Nu, = EL Nu, dé (29a)
_ 1 21
Nu, = -—f Nu, d@ (29b)
27 Jo

where R = r,/r; (radius ratio).

Results and Discussion

The accuracy of numerical solution is verified by comparing
the calculated results with the measured data and other cal-
culated results. Figure 4 shows the streamlines and isotherms
presented in van Dyke’s book,'* and the corresponding cal-
culated results. Figure 5 shows the comparison between the
calculated isotherms (on the left) and the measured isotherms
(on the right) for air bounded by two horizontal (concentric
and eccentric) cylinders. The measurements were performed
by Kuehn and Goldstein.?* Table 1 compares the calculated
mean equivalent conductivities by the present study and by
Kuehn and Goldstein® for a concentric annulus. The equiv-
alent conductivity is defined as K = (Nu/Nu_), where Nu, is
the value of Nu at Ra = 0, called pure-conduction heat trans-
fer parameter. From the comparisons, it is found that the
present calculations agree very well with the measurements.

The transient mean Nusselt number is plotted in Fig. 6. It
is found that the time required to reach the steady state is
shorter when Rayleigh number is larger because flow is mov-
ing faster. For most of the application, the settle time is usually

experiment [12]

calculation

Fig. 4 Comparisons of: a) streamlines (Pr = 0.7, Gr = 1.2 x 10°,
R = 3) and b) isotherms (Pr = 0.7, Gr = 1.22 x 105, R = 3.14).

Table 1 Comparison of the calculated equivalent conductivity

K (Present study) K (Ref. 2)
Ra Pr R Inner Outer Inner Outer
10° 0.7 2.6 1.082 1.081 1.081 1.084
6 x 10° 0.7 2.6 1.730 1.740 1.736 1.735
10* 0.7 2.6 2.002 2.040 2.010 2.005

7 x 10* 0.7 2.6 3.290 3.308 3.308 3.226

calculation

experiment [2, 3]

Fig. 5§ Comparison of isotherms for a) concentric (E = 0.0) and

b) eccentric annuli (E = —0.652) (Pr = 0.706, Ra = 4.8 x 104,
R = 2.6).
6.00
1)R=1.5,Gr= 4850
5.00 2)R=2.0,Gr=10000
Outer ——~—=—
400 Inner
Nu 3.00
2.00
1.00
T 1 1 1 L 1
00806010 020 030 040 050 060  0.70

Fig. 6 Transient Nusselt number.

less than a minute, therefore, the transient behavior is not
discussed further in this study.

In the cases of micropolar fluid, the calculations were per-
formed for the parameters of A = 0.5 and 1.0, A = 0.5 and
1.5, the Prandtl number = 0.1, 0.7, and 10.0, R is from 1.2
to 5.0, and Gr ranges from 10° to 5 X 10°. For the cases of
eccentric annulus the dimensionless eccentricity, defined as
E = el(r, — r;), covers from —1.0 to 1.0.

Figure 7 shows the calculated streamlines and isotherms for
a concentric annulus at different Grashof numbers, for both
Pr = 10 and Pr = 0.1. The cases with Pr = 10 simulate the
lubricants containing suspended particles, and the other cases
with Pr = 0.1 represent the ferro liquids with polymeric mol-
ecules. Because the problem is symmetric to the axis, each
annulus contains only a half streamline on the left and a half
isotherm on the right. Since the inner cylinder is kept hotter,
the hot fluid near the inner cylinder rises upward due to
thermal expansion. The uprising plume is then cooled down
by the colder fluid near the upper part of outer cylinder. The
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Gr =10° , Yo, = 1.086, A® = 0.2 Gr = 10* , Ypmas = 15.74, AO = 0.2

'

Gr =5 X 10° , thnar = 2467, AO = 0.2 Gr =10° , Yoz = 96.48, AO = 0.2

Gr = 10* , Pmas = 3.155, AO = 0.2 Gr=5x10°,
a) b)

Fig. 7 Streamlines and isotherms at different Gr values: a) Pr = 10
and b) Pr = 0.1 (A = 0.5, A = 0.5, R = 2).

maz = 170.76, A© = 0.2
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Fig. 8 Distribution of local equivalent conductivities for Pr = 10 and
Pr = 0.1.

4
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Fig. 9 Relationship between Nu and Ra.

colder and denser fluid will eventually flow downward along
the surface of outer.cylinder. From Fig. 7 it is found that the
maximum stream function increases with Gr. The basic flow
pattern. consists of one eddy, the center of this eddy (maxi-
mum stream function) tends to move up for Pr = 10 and
move down for Pr = 0.1 as Gr increases. This behavior was
also obtained by Custer et al.,'* who used double perturbation
expansions to solve the Newtonian flow in a concentric an-

Table 2 Mean Nusselt number at different A

Pr - Gr A Nu, Nu,

10 10 0.5 3.182 3.307
1.5 3.184 3.370

0.1 2.5 x 10° 0.5 1.941 1.969
1.5 1.961 1.992

= —1.0, Ymar = 0.968, AG = 0.2 E =01, ¢, = 1.484, AQ = 0.2

E = —0.5, Ypmaz = 1.170, AO = 0.2

«

E = 0.1, ¥mee = 1.350, AO = 0.2

E =0.5, hpa: = 1.841, AO = 0.2

\ S

E = 1.0, Ymer = 2.278, A@ =0.2

Fig. 10 Streamlines and isotherms at different eccentricities (Pr =
10, Gr = 2000, A = 0.5, A = 0.5, R = 2.6).

R=2.6,Gr=2000,Pr=10

N () £ wm » ~
T

0 30 60 98 12‘O -~ 150 180

Fig. 11 Local equivalent conductivity at different eccentricities.

nulus. At the case of Pr = 0.1 and Gr = 5 x 10°, a weak
eddy besides the main eddy is also formed, this bicellular
streamline also appeared in Ref. 13. As a result of the dif-
ference in streamlines and isotherms, the local K for Pr =
10 and Pr = 0.1 also behave different. Figure 8 depicts K vs
0 for the case of Pr = 10, and the maximum K is located at
= 0 deg for outer cylinder and 8 = 180 deg for inner
cylinder, which is similar to the case of air (Pr = 0.7). For
the case of Pr = 0.1, the maximum K of outer cylinder and
the minimum K of inner cylinder are located at # = 60 deg,
where the thermal boundary layer has the extreme value.
The increase of R has the same effect as the increase of Gr
on the streamlines and isotherms (not shown here), however,
the increase rate becomes insignificant once R > 2. This is
because when R < 2 the flow circulation is restricted by the
boundary wall, the heat transfer rate is mainly contributed
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Table 3 K, and K at different eccentricities (R = 2.6, A = 0.5, A = 0.5)

E -1.0 —0.5 -0.1 0.1 0.5 1.0
K.(Ra = 0) 1.302 1.060 1.001 1.001 1.060 1.302
K (Pr = 10, Gr = 2000) 1.971 2.053 2.210 2.267 2.352 2.530
K (Pr = 0.1, Gr = 10%) 1.702 1.543 1.524 1.593 1.758 2.701

by conduction. As R increases, the flow circulation increases
with the mean Nusselt number. After R > 2; the flow vortex
can be freely formed in the annulus, the convective enhance-
ment due to flow circulation becomes insignificant as long as
Ra remained constant. The stream function (or flow velocity)
will increase again once Ra increases. In fact, it is found from
Fig. 9 that Nu is linearly increased with Ra in a log-log scale,
which means the mean Nusselt number can be expressed as

Nu = aRa®

for both Pr = 10-and Pr = 0.1 where g, b are constants.
Figure 9 also shows that the mean Nusselt number decreases
when the vortex viscosity (A) increases. This is because the
increase in vortex viscosity will reduce the stream function,
i.e., slow down the flow velocity. On the other hand, the
increase in spin gradient viscosity (A) tends to impede the
fluid particle spin (i.e., it will consume less energy in spinning)
and accelerates the flow circulation, thus enhancing the heat
transfer. However, the heat transfer enhancement due to the
increase of A is insignificant, because the effect of A to the
flow circulation is only a secondary factor. This can be found
from the calculated results presented in Table 2, where the
mean Nusselt number is found to increase slightly when A
increases from 0.5 to 1.5.

The calculations were also made for an eccentric annulus
with the dimensionless eccentricity ranging from —1.0 to 1.0.
Figure 10 shows the streamlines and isotherms for some se-
lected eccentricities.. As mentioned earlier, usually the max-
imum local heat transfer is located near # = 0 deg, where the
heated uprising fluid begins to form the vortex. When the
inner cylinder is moved downward (E is positive), more spaces
near @ = 0 deg are provided for flow to circulate. As a result,
the stream function becomes larger (see Fig. 10) and the local
heat transfer rate becomes higher. On the other hand, when
the inner cylinder is' moved upward (E is negative), the space
near § = 0 deg becomes narrower. The narrow gap at ¢ =
0 deg restricts flow circulation, and thus reduces stream func-
tion and heat transfer rate. The local maximum equivalent
conductivity of E = —1.0 in Fig. 11 shifts from § = 0 deg
to 6 = 30 deg, also indicating that the heat transfer rate near
6 = 0 deg is depressed because of poor circulation.

The values of specific conductivity K. and K for different
eccentricities are presented in Table 3. The definitions of K,
and K are K, = (Nu,/Nu,) and K = 3(Nu, + Nu,)/Nu_. Since
K, stands for relative pure-conduction, its value is solely de-
termined by the distance between the inner and outer cylin-
ders. The value of K, should be kept the same as long as R
remained constant, and the value doesn’t vary with the change
of Pr. Table 3 shows the value of K, is symmetric to the
concentric position (E =-0), and increases as the degree of
eccentricity increases. When Ra increases, the heat transfer
rate due to convection effect gradually adds on. For the case
of Pr = 10 and Gr = 2 x 103, the heat transfer rate is
dominated by convection effect. This can be found from Table
3, where K is minimum at £ = —1.0 and maximum at & =
1.0 due to the effect of flow circulation. On the other hand,
the conduction effect is very strong for the case of Pr = 0.1.
Even at Gr = 10%, the value of K at E = —1.0 is still larger
than that at £ = —0.1.

The maximum variation of mean equivalent conductivity
due to eccentricity {(compares to K at E = 0) is only moderate
for the case of Pr = 10, but is much bigger for the case of
Pr = 0.1. This is because the positive eccentricity cannot only

promote the convection effect and also greatly enhance the
conduction effect for the fluid with low Pr.

Concluding Remarks

Natural convection of micropolar fluid in both concentric
and vertically eccentric annuli has been investigated numer-
ically. From the calculated results, it is found that the mean
Nusselt number increases with the flow’s Rayleigh number
and the ratio of outer radius to inner radius. The relation
between the mean Nusselt number and the Rayleigh number
can be expressed as Nu = aRa® for 10* < Ra < 10°. Under
the same Rayleigh number and radius ratio, the mean Nusselt
number for micropolar fluid is lower than that for Newtonian
fluid. This is because the micropolar fluid possesses vortex
viscosity which will retard the vortex formation and slow down
the flow circulation. The local equivalent conductivity can be
greatly varied by the degree of eccentricity. This local effect
is similar to the effect of radius ratio on the Nusselt number
in a concentric annulus.

In terms of overall effect, the change of mean equivalent
conductivity due to the degree of eccentricity is larger if the
fluid has a low Prandtl number. The positive eccentricity can
improve the mean equivalent conductivity, but the negative
eccentricity may not be a detriment to the mean heat transfer
rate if the Prandtl number of micropolar fluid is low.
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